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Fig. 2 influence of injection on the skewing of the flow within the
boundary layer.

percent. In Table 6, the influence of the flow energy parameter
is displayed to complete the data.

Table 6 Influence of E, on 7, */1, %, @ = 0.5, Pr=0.715, g, = 0.1

& E=00 0.5 0.7 0.9
0.0 1.00 1.00 1.00 1.00
0.5 .26 1.30 1.34 1.49
1.0 1.48 1.54 1.00 1.77
20 1.84 1.92 202 228
3.0 2.03 225 2.36 2.68

We now have sufficient data to estimate accurdtely the effects
of Mach number, wall to total enthalpy ratio and angle of
attack on the meridional shear stress and heat transfer to the
most windward meridians of cones at angles of attack.

Finally, with the view of evaluating thie validity of the small
cross-flow assumption, we turn to the purely kinematic aspects
of the flow. If we defire skewness of the flow X as the
difference between the tangents of the flow angles across the
boundary layer (ie., u, Ju; —u, fu; )/(u; ./u; ), then,

L=/ 1 ) ()
Selected data are shown in Fig. 2 to indicate the strong effect
of injection on X. These results suggest that the small cross-flow
assumption should be reexamined in situations involving
injection.

This Note demonstrates that normalization of heat-transfer
and shear stress data by the zero angle-of-attack values eliminates
the influence of gas properties. Further, it is shown that the
normalized heat-transfer and meridional shear stress values are
almost identical so that the more readily available experimental
heat-transfer data may be used to estimate shear stress. A wide
range of conditions is considered to provide sufficient data for
engineering estimates.
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Nonstatlonary Response Exceedarice
Statistics of a Simple Mechanical System

JosepH M. VERDON*
University of Connecticut, Storrs, Conn.

Introduction

HIS Note concerns the response of a single degree-of-
freedom system to a type of nonstationary random excita-
tion. The paraimeter of particular intérest is the expected
frequency of exceedances of given levels by the displacement
response. The motion of the system is governéd by the familiar
equation :
X(t)+ 2w, X(t) + 0, °x(t) = J(t)/m 1
and the excitatioh or forcing function is of the form
y(®) = n(t)g(t) = n(®)(1+ Bsin ) [Ut—1)—-Ul—t7)] ()
where n(t) is stationary Gaussian noise with zéro mean and
U(t) denotes the unit step function. It is assumed that the
system is stable with less than critical damping (0 < { < 1), and
that the noise rs exponentially correlated, i.e., _
E{n(t;)n(ty)} = R,{t,—t)) =0 2exp [—aft,—1,[] ©))
The present work has been motivated by a study of the

response of aircraft to atmospheric turbulence. The aircraft is
usually modeled as a linear system and turbulent forces as
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Fig. 1 Normalized expected frequency of displacement exceedances
of the level y = 30, due to a constant intensity excitation acting for a
finite time interval.

stationary and Gaussian random processes. Under these con-
ditions, predictions of the number of response exceedances
above a certain level per unit time, N(y), vs the level exceeded
7 appear as a straight line on a log N(y) vs y* plot. Observed
data indicates that theoretical predictions for exceedance fre-
quencies are conservative especially at large values of y'. The
lack of agreement between observation and theoretical prediction
has usually been attributed to the non-Gaussian structure of the
turbulence. However, on the basis of a recent analytical and
experimental investigation, Piersol? has attributed the dis-
crepancy between theory and observed data to nonstationary
trends in the variance of such data.

Piersol’s conclusion indicates the desirability of further studies
of the influence of nonstationary excitation on system response.
In the present effort a simple model of the excitation
experienced by an aircraft moving through a patch of turbulence
of finite length and variable intensity is considered. The objective
is to illustrate the effect of these two types of nonstationarity
on the displacement exceedance frequencies of a single degree-of-
freedom system.

Response Formulation

The expected number of upward crossings of the level y per
unit time by the displacement response is given by Rice’s
expression

N(y.t) = J xf(p, %, tydx 4)

0
When the input to the system is Gaussian the displacement

N, (¥) 7 Ng (O)

Fig. 2 Normalized time-average expected frequency of displacement
exceedances of various levels due to constant intensity excitation acting
for a finite time interval.

Fig. 3 Normalized expected frequency of the displacement response
to variable intensity excitation exceeding the level y = 35,, f = 0.2,

and velocity are jointly Gaussian, and their joint probability
density function, f(x, x,t), is completely defined in terms of the
mean values of displacement and velocity, the mean square
displacement, X, (t) = E{x?(t)}, and velocity X ,,(t) = E{x*(#)},
and the displacement-velocity correlation, X,,(t) = E{x(£)%(z)}.
The system is assumed to be at rest for ¢ < t, and the excitation
has zero mean. Hence, the displacement and velocity will have
zero mean, and it follows after integration of Eq. (4) that?

N(y,1) = DY exp(—y*X,,/2D)/2nX )+
7X 1 exp(—= 72X {1 +erf [yX ,/(2X , D)1}/
81X, (5)
where D = X,; X,,— X,,? and erf denotes the error function.

The response correlation matrix X {t) = [X,(¢)] is determined
from the equation

t t .

X(t)=J J O(t, )Y (&, m*(t.n)dCdn (6)
todto

where @ and ®* are the state transition matrix of the system*

and its transpose respectively, and Y is the input correlation

matrix, i.e.,

0 0
V(&) =m"? 7
Em=m g(é)g(n)[o Rm,(n—é)J o
Values of the response correlations are obtained by integration
of Eq. (6) and these in turn are substituted into Egq. (5) to
determine N(y, t).

Results and Discussion

For purposes of illustration it is convenient to treat the two
nonstationary aspects of the excitation separately. In the first
case the effect of the input acting over a finite time interval is
considered, and the excitation intensity is maintained at a
constant value (f = 0). In the second, the effect of a variable
intensity input is examined and the response is considered at
times large enough so that transient motions have disappeared.
A system with o, = 2z and input noise with a = 2n was con-
sidered. For the constant intensity case the input was applied
for a time interval equal to ten natural periods of the system
and for the variable intensity case the frequency of the modulating
function was set equal to one-tenth of the system natural
frequency and the response was determined for times t > 2nn
where n is an integer large enough to insure that transient
motions are negligible.

Results for constant intensity excitation applied over a finite
time interval appear in Figs. 1 and 2. Figure 1 depicts the
temporal behavior of the normalized expected frequency of
upward crossings of the level y = 30,5 by the nonstationary
displacement response. 6,5 and N{0) represent the stationary
rms displacement and expected frequency of zero crossings,
respectively. As the damping ratio increases, the time required
for the response exceedance frequency to reach its stationary
level decreases and the response decays more rapidly to the
rest state after the excitation stops. Curves - of the ratio
N ,(y)/N(0) versus y*/ss* appear in Fig. 2. N ,(y) is defined by
the relation
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Fig. 4 Normalized time-average expected frequency of the displace-

ment response to variable intensity excitation exceeding various levels,
(=05

o0
N,) =f N@. O dt/(t,—to) ®
to

For y*/6,52 > 1.5 this ratio increases with system damping. The
curve for { = 0.5 practically coincides with stationary values, ie.,
N(7)/N4(0), over most of its length. These results indicate that
for a lightly damped system, unless the excitation time interval
is large, it is necessary to include transient effects to make
reliable estimates of exceedance statistics. For the example
studied stationary estimates for the expected number of displace-
ment exceedances above high levels are conservative, since the
influence of transient motions was to reduce the values of this
parameter.

The temporal behavior of the normalized expected frequency
of displacement exceedances of the level y = 3¢, for a variable
intensity input is illustrated in Fig. 3. The dashed line denotes
the stationary value of this parameter. It is readily observed
that the number of displacement exceedances above the level
36,5 will be greater in the case of the prescribed variable
intensity excitation. Curves of the ratio N ,(y)/Ng(0) vs y*/os* for
¢ = 0.5 and selected values of f appear in Fig. 4. In this case
N ,(y) was obtained by averaging N(y,t) over one period of the
modulating function. The average expected frequency of exceed-
ing high levels, y > 245, increases as the amplitude of the
modulating function increases. This effect is more pronounced
at the higher levels and for heavily damped systems. The
trends indicated in Fig. 4 are the same as those observed for
atmospheric turbulence data,'* ie., observed values of exceed-
ance frequencies are similar to the § =02 and f = 0.4 curves
while the theoretical prediction is given by the f§ = 0 curve.
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Artificial Viscosity Methods for
Blunt Body Flowfield Analysis with
Thermal Radiation

JamEs O. NicHOLS*
Auburn University, Auburn, Ala.

Nomenclature

= energy per unit volume

= computational mesh length

= pressure

= time

= temperature

. = velocity in x, direction

,y = Cartesian coordinates in direction parallel to and normal to,
respectively, the freestream direction

B2 gtw e

bad

¢ = Stefan-Boltzmann constant

o, = constant time-step parameter at initial conditions

w = constant artificial viscosity parameter
Introduction

RTIFICIAL viscosity methods have been used to success-

fully predict flowfields about bodies"-? including the effects
of angle of attack and nonequilibrium flow. The purpose of this
investigation was to determine the effects of including thermal
radiation in two of these methods. The two artificial viscosity
methods chosen, Lax’s® and Rusanov’s* methods, were selected
because of their simplicity and because Lax’s method assumes
a constant artificial viscosity coefficient while Rusanov’s method
allows the artificial viscosity coefficient to vary with position in
the flowfield. A modification to Lax’s method is also presented
which greatly strengthens the stability of the equations.

The investigation was conducted at two Mach numbers, 10 and
30. The lower was chosen because it represents an approximate
lower bound at which thermal radiation may be important and
the upper represents the approximate bound for the gray,
optically thin gas assumption.

The body chosen for this investigation was a two-dimensional,
semi-infinite, planar body with a thickness of 1 ft and a flat leading
edge. There are several reasons for choosing this shape. For
example, it is a shape not easily adaptable to other methods of
solution. Also, heat-transfer analyses have generally considered
bodies with convex leading edges; therefore, most heat-transfer
data are expressed in terms of nose radius which leaves one
at a loss in predicting heat transfer rates to a flat-faced body.

The body was assumed to be at zero angle of attack and the gas
was assumed to be not only gray and optically thin, but also
thermally and calorically perfect. The only purpose of these
assumptions was to reduce the computations.

Modified Lax Method

In the numerical calculations flow properties at a point in the
computation net were found by averaging the properties of the
four net points surrounding the point. Lax’s method uses the
properties of the surrounding points at the same time step. This
method was modified by using the properties of the points at the
current time step calculation; ie., since the calculations were
performed by a forward step in the positive x and y directions,
the properties at the net point before and the point below were
the properties at time t+Ar while the properties of the point
after and the point above were the properties at time t. This
modification was found to strengthen the stability of the
difference equations and also saved computer storage space.

Radiation
To include the effects of heat transfer by radiation in the
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